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The parity-preserving massive QED 3 exhibits vanishing gauge coupling /1-function and is parity 
and infrared anomaly free at all orders in perturbation theory. Parity is not an anomalous sym¬ 
metry, even for the parity-preserving massive QED 3 , in spite of some claims about the possibility 
of a perturbative parity breakdown, called parity anomaly. The proof is done by using the alge¬ 
braic renormalization method, which is independent of any regularization scheme, based on general 
theorems of perturbative quantum held theory. 
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The quantum electrodynamics in three space-time di¬ 
mensions (QED 3 ) has raised a great deal of interest since 
the precursor work by Deser, Jackiw and Templeton 
[ 1 ] in view of a possible theoretical foundation for con¬ 
densed matter phenomena, such as high-Tc superconduc¬ 
tivity, quantum Hall effect and, more recently, graphene 
and topological insulators. The massive and the mass¬ 
less QED 3 can exhibit interesting and subtle properties, 
namely superrenormalizability [ 2 ], parity violation, topo¬ 
logical gauge fields, anyons and the presence of infrared 
divergences. The massless QED 3 is ultraviolet and in¬ 
frared perturbatively finite, infrared and parity anomaly 
free at all orders [3], despite some statements found out 
in the literature that still support that parity could be 
broken even perturbatively, called parity anomaly, which 
has already been discarded [3-6]. The massless QED 3 is 
parity-even at the classical and quantum level (at least 
perturbatively), however, at the classical level, the mas¬ 
sive QED 3 can be odd or even under parity symmetry. 
For the parity-even massive QED 3 , if whether parity is 
a quantum symmetry or not, shall be definitely proved 
by using a renormalization method independent of any 
regularization scheme. The massive QED 3 has also been 
studied in details in many other physical configurations, 
namely, large gauge transformations, non-Abelian gauge 
groups, odd and even under parity, fermions families, 
compact space-times, space-times with boundaries, ex¬ 
ternal fields and finite temperatures - in all of these situ¬ 
ations, the issues of parity breaking or parity preserving 
at the quantum level, renormalizability and finite tem¬ 
perature corrections, are quite non-trivial. Therefore, 
in those cases previously mentioned, the massive QED 3 
shall exhibit distinct behaviours and properties [7, 8 ] as 
compared to the case presented in this work. 

The proof presented in this letter on the absence 
of parity and infrared anomaly, and the vanishing 
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gauge coupling /3-function, in the parity-even massive 
QED 3 , is based on general theorems of perturbative 
quantum field theory [9-12], where the Lowenstein- 
Zimmermann subtraction scheme in the framework 
of Bogoliubov-Parasiuk-Hepp-Zimmermann-Lowenstein 
(BPHZL) renormalization method [12] is adopted. The 
former has to be introduced, owing to the presence of 
massless gauge field, so as to subtract infrared diver¬ 
gences that should arise from the ultraviolet subtractions. 

The issue of the extension of parity-even massive QED 3 
in the tree-approximation to all orders in perturbation 
theory is organized according to two independent parts. 
First, it is analysed the stability of the classical action 
- for the quantum theory, the stability corresponds to 
the fact that the radiative corrections can be reabsorbed 
by a redefinition of the initial parameters of the theory. 
Second, it is computed all possible anomalies through an 
analysis of the Wess-Zumino consistency condition, fur¬ 
thermore, it is checked if the possible breakings induced 
by radiative corrections can be fine-tuned by a suitable 
choice of local non-invariant counterterms. It shall be 
stressed that when massless fields are present, infrared di¬ 
vergences may appear from non-invariant counterterms, 
called infrared anomalies. 

The gauge invariant action for the parity-preserving 
massive QED 3 , with the gauge invariant Lowenstein- 
Zimmermann (LZ) mass term added, is given by: 

SL”'’ = / +#-W- + 

- + |(s - A^dpA^ , (1) 

LZ mass term 

where lpip± = {(^ -\- e is a dimensionful coupling 

constant with mass dimension i, and m is a mass pa¬ 
rameter with mass dimension 1. In action (1), is the 
field strength for Ap, Fp^ = dpA^ — d^Ap, and, V'-i- and 
if- are two kinds of fermions where the ± subscripts re¬ 
fer to their spin sign [13], also, the gamma matrices are 
7 ^ = (cr^,icTa;,/(Ty). The Lowenstein-Zimmermann pa- 
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rameter s lies in the interval 0 < s < 1 and plays the 
role of an additional subtraction variable (as the exter¬ 
nal momentum) in the BPHZL renormalization program, 
such that the parity-even massive QED 3 is recovered for 
s = 1 . 

In the BPHZL scheme a subtracted (finite) integrand, 
R{p, k, s), is written in terms of the unsubtracted (diver¬ 
gent) one, I{p,k,s), as 

R{p, k, s) = (1 - i°,^_i)(l - k, s) 

= (1 - + tp,8-1*1,s)kiP^ ’ 

where y is the Taylor series about x = y = Qio order d 
if d > 0. Thus, since the Lowenstein-Zimmermann mass 
term presented in ( 1 ) breaks parity, by assuming s = 1 , 
a subtracted integrand, R(p, k, s), reads 

R{p,k,l)= I{p,k,l) - l{0,k,l) -pP-^/{0,k,0) . 


parity—even parity—even 


parity—odd terms 


In order to quantize the model, represented by the ac¬ 
tion ( 1 ), a parity-even gauge-fixing action, Egf, is added: 




Egf = / <{ bd^A^ + + cDc 


( 2 ) 


together with a parity-even action term, Sgxt, coupling 
the non-linear Becchi-Rouet-Stora (BRS) transforma¬ 
tions to external sources: 


Eext = J — rt-sip- + 

— S'!/'+H+ -|- . 

The BRS transformations are given by: 

= ic'ip+ , , 

sill- = icifi- , sij)- = —iciji- , 

sAy, = --dpc , sc = 0 , 


( 3 ) 


sc = —b 
e 


sb = 0 , 


( 4 ) 


where c is the ghost, c is the antighost and b is the 
Lautrup-Nakanishi field [14], playing the role of the La¬ 
grange multiplier field. In spite of been massless, since 
the Faddeev-Popov ghosts are free fields, they decouple, 
therefore, no Lowenstein-Zimmermann mass term has to 
be introduced for them. 

The complete action, reads 


-h Egf -h E, 


-'ext 5 


( 5 ) 


in such a way that the parity-preserving massive QED 3 
is recovered taking s = 1 , E = 

By switching off the coupling constant (e) and taking 
the free part of the action, Ej® 7 ^^ + Egf (( 1 ) and ( 2 )), 


the tree-level propagators in momenta space, for all the 
fields, read: 

, ,,, . k + m . . U — m 

A++{k) = i_ m2 > A__(A:) =i-p—^ , (6) 


^AAik,s) = -i 


1 

P[fc 2 _^ 2 (g_l) 2 ]^ fc 2 fc 2 

^Abik) = 5 Abb{k) = 0 , 




Acc{k) = -i 


k^ ■ 


( 7 ) 

( 8 ) 

(9) 


At this moment, in order to establish the ultraviolet (UV) 
and infrared (IR) dimensions of any fields, X and Y, we 
make use of the UV and IR asymptotical behaviour of 
their propagator, Axvik, s), dxY and txy, respectively: 


dxY = deg(fc ,,) Axf(A:, s) 

^ L 


TXY = deg,^ _ Axy(fc,s) 


( 10 ) 

( 11 ) 


where the upper degree degj-^,^^) gives the asymptotic 
power for (k, s) ^ 00 whereas the lower degree deg^,^ 

gives the asymptotic power for {k, s — 1) —> 0. The UV 
(d) and IR (r) dimensions of the fields, X and Y, are 
chosen to fulfill the following inequalities: 

dx + dY > 5 + dxY and rx + ry < 3 -I- rxy . (12) 

In order to fix the UV and IR dimensions of the spinor 
fields ip^ and ip-, and the vector field Ay, use has been 
made of the propagators, ( 6 ) and (7) together with the 
conditions ( 12 ), then, the following relations stem: 

d±± = —1 => 2d± 7 2 —> d± = 1 , (13) 

3 

r±± = 0 2r± < 3 ^ r± = — ; (14) 

dAA = —2 ^ 2dA > 1 dA = 2 > (13) 


taa = -2 ^ 2rA < i ^ VA = - ■ 


(16) 


From the propagators ( 8 ) and the conditions, (12), (15) 
and (16), it can fixed the UV and IR dimensions of the 
Lautrup-Nakanishi field b as follows: 

1 3 

dAb = —1 dA + db > 2 , dA = - ^ db = - , (17) 

1 3 

rx& = -1 ^ rA + rb<2,rA = -^rb = -. (18) 

The dimensions (UV and IR) of the Faddeev-Popov ghost 
(c) and antighost (c) are fixed, by considering the prop¬ 
agators (9), such that: 


dec — —2 dc dc 7 1 

Tec — 2, X c Tc A 1 


(19) 

( 20 ) 
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A^ 

4+ 

4- 

C 

c 

b 


fl- 

s — 1 

s 

d 

1/2 

1 

1 

0 

1 

3/2 

2 

2 

1 

1 

r 

1/2 

3/2 

3/2 

0 

1 

3/2 

3/2 

3/2 

1 

0 

$n 

0 

0 

0 

1 

-1 

0 

-1 

-1 

0 

0 

GP 

0 

1 

1 

1 

1 

0 

0 

0 

0 

0 


TABLE I: UV (d) and IR (r) dimensions, ghost number ($11) 
and Grassmann parity (GP). 


Also, assuming that the BRS operator s (4) is dimen¬ 
sionless and bearing in mind that the coupling constant 
e has dimension (mass) 2 , the UV and IR dimensions for 
the ghost and antighost result: 

dc = 0 and ds = 1 ; Tc = 0 and rg = 1 . ( 21 ) 

Finally, from the action of the antifields (3), and the UV 
and IR dimensions of the helds fixed previously, it follows 
that: 

3 

dn± = 2 and = - . ( 22 ) 

In summary, the UV (d) and IR (r) dimensions - which 
are those involved in the Lowenstein-Zimmermann sub¬ 
traction scheme [ 12 ] - as well as the ghost numbers ($ 11 ) 
and the Grassmann parity (GP) of all fields are collected 
in Table 1. Notice that the statistics is defined as follows. 
The integer spin fields with odd ghost number, as well as, 
the half integer spin fields with even ghost number an- 
ticommute among themselves. However, the other fields 
commute with the formers and also among themselves. 

The BRS invariance of the action is expressed in a 
functional way by the Slavnov-Taylor identity 

= 0 , (23) 


The following nilpotency identities hold: 


5^5(.F) = 0 , VP, (26) 

= 0 if S{P) = 0 . (27) 

In particular, = 0, since the action obeys 

the Slavnov-Taylor identity (23). The operation of 
upon the fields and the external sources is given by 


S^(l) = s(j), (j)= , 


H-i 

= - 

d'ip_ 


511;+ 

54’- 


(28) 


In addition to the Slavnov-Taylor identity (23), the clas¬ 
sical action (5) is characterized by the gauge con¬ 

dition, the ghost equation and the antighost equation: 


5b 

5c 

^- 


+ £,b , 


□c , 

tDc -I- -\- 4+^+ + 


(29) 

(30) 


(31) 


The action E^'* (5) is invariant also with respect to 

the rigid symmetry 


lUrigidS^^-i) = 0 , (32) 

where the Ward operator, IFrigid, is defined by 


where the Slavnov-Taylor operator S is defined, acting 
on an arbitrary functional P, by 

5P 5P 5P 5P 


(5H+ 54 + 5Q+ 54 + 

5P 5P , 5P 5P 


(24) 


The corresponding linearized Slavnov-Taylor operator 
reads 


1 


1 , <5 


Sj^= d x< — d^c ——h -b— -I- 


e 5A>’- e 5c 
5P 5 5P 5 5P 5 5P 5 


( 5 H + 54+ 54+ ( 5 H + 54+ 54+ 

5P 5 5P 5 


54- 54- 5fl- 

5P 5 5P 5 


-b 


54- 54- 


(25) 


lUrigid = 

= / d^xl4+^ — 4+-^ + n+-J :— 


■4- 


'54+ 

—-u J- 

54- ~ 54- 


5n 


+ 


'54, 


-n--^ -n-^ 

5n- 


(5Hj 


(33) 


The parity-preserving massive QED 3 (s = 1) action, 
EU- 1 ) |s=i, is invariant under parity (P), its action upon 
the fields and external sources is fixed as below: 


V'-s 

4- 

4 


= (xo, -Xi,X 2 ) , 

^ 4+= -ii^4- , 4+ 4+ = i4-i^, 

4- = ) 4- 4- = 

= ( 24 o , —Ai,A2) , 

4^ = 4 , 4= {c,c,b} , 

^ , 

= —17^12+ , = tO+7^. (34) 
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In order to verify if the action in the tree- 
approximation is stable under radiative correc¬ 

tions, we perturb it by an arbitrary integrated local func¬ 
tional (counterterm) such that 

g(^-i) = 5](s-i) ^ (35) 

where e is an infinitesimal parameter. The functional 
has the same quantum numbers as the 
action in the tree-approximation at s = 1 . 

The deformed action must still obey all the con¬ 
ditions presented above, henceforth, is subjected 

to the following set of constraints: 

= 0 , (36) 

, 

»'„g,dE'‘-'> = 0 . (38) 

The most general invariant counterterm - the 

most general field polynomial - with UV and IR dimen¬ 
sions bounded by d < 3 and r > 3, with ghost number 
zero and fulfilling the conditions displayed in Eqs.(36)- 
(38), reads: 


y;c(s = J d^x{aii^_^_p'ip+ + q;2*V'--PV'- + 

+ a 31 p_^.'tp+ + Q(4V'-V’- + 

+ } . (39) 

where (i = 1 ,..., 6 ) are, in principle, arbitrary pa¬ 
rameters. However, there are other restrictions owing to 
the superrenormalizability of the theory and its parity 
invariance - the parity-even massive QED 3 recovered for 
s = 1. On account of the superrenormalizability, the cou¬ 
pling constant-dependent power-counting formula [ 8 , 15] 
is given by: 





iV$ - ifVe 


(40) 


as 


E= = = J d^x{a{i;+i;+ - V’_V’-)} 


= Zram — Y. 

am 


( 41 ) 


where Zm is an arbitrary parameter (as a is, 2 :^ = “^)) 
and E = The counterterm (41) shows that, 

a priori, only the mass parameter m can get radiative 
corrections. This means that the /3e-function related to 
the gauge coupling constant (e) is vanishing (/3e = 0 ) to 
all orders of perturbation theory, so as the anomalous 
dimensions of the fields. 

Owing to the fact that classical stability does not imply 
the possibility of extending the theory to the quantum 
level, it still lacks to show the absence of gauge anomaly, 
infrared anomaly and the claimed parity anomaly. This 
result, combined with the previous one (41), completes 
the proof of vanishing gauge coupling /3-function and the 
absence of infrared and parity anomaly in parity-even 
massive QED 3 at all orders in perturbation theory. 

At the quantum level the vertex functional, 
which coincides with the classical action, (5), at 

0 th order in h, 

r(s-i) = -f C)(li) , (42) 


has to satisfy the same constraints as the classical action 
does, namely Eqs.(29)-(32). 

In accordance with the Quantum Action Principle 
[9, 11], the Slavnov-Taylor identity (23) gets a quantum 
breaking: 

5(r(*-i))l,=i = A • = A + 0{HA) , (43) 

where A = Aj^^i is an integrated local functional, taken 
at s = 1, with ghost number 1 and UV and IR dimensions 
bounded by d < | and r > 3. 

The nilpotency identity (26) together with 

5r = + 0{h) , (44) 


implies the following consistency condition for the break¬ 
ing A: 


for the UV (^( 7 )) and IR (pij)) degrees of divergence of 
a 1-particle irreducible Eeynman graph, 7 . Here V$ is 
the number of external lines of 7 corresponding to the 
field $, d$ and r$ are the UV and IR dimensions of $, 
respectively, as given in Table I, and JVg is the power of 
the coupling constant e in the integral corresponding to 
the diagram 7 . Due to the fact that the counterterms are 
generated by loop graphs, they are at least of order two 
in the coupling constant (e). Consequently, the effective 
UV and IR dimensions of the counterterm are 

bounded by d < 2 and r > 2 , then, oi = 02 = 0:5 = 0 . 
Eurthermore, the counterterm E° = is parity 

invariant, yielding that ag = 0 and = —04 = a. 
Einally, it can be concluded that the counterterm results 


5eA = 0 , (45) 

and beyond that, A also satisfies the constraints: 

The Wess-Zumino consistency condition (45) consti¬ 
tutes a cohomology problem in the sector of ghost num¬ 
ber one. Its solution can always be written as a sum of a 
trivial cocycle iSeA^^), where A*^°^ has ghost number 0, 
and of nontrivial elements belonging to the cohomology 
of <Si; (25) in the sector of ghost number one: 

A« = A«-f5EA(o) . 


(47) 
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It shall be stressed that there still remains a possible 
parity violation at the quantum level induced by parity- 
odd noninvariant counterterms. Due to the fact that 
the Lowenstein-Zimmermann subtraction method breaks 
parity during the intermediary steps, the Slavnov-Taylor 
identity breaking, is not necessarily parity invari¬ 

ant. In any case, must satisfy the conditions im¬ 
posed by (45) and (46). The trivial cocycle can 

be absorbed into the vertex functional as a non¬ 
invariant integrated local counterterm, — On the 

other hand, a nonzero A*-^^ would represent an anomaly. 
If by chance, there exist any parity-odd a parity 

anomaly would be present induced by the noninvariant 
counterterm, — A^^ j. 

Taking into account the Slavnov-Taylor operator iSs 
(25) and the quantum breaking (43), it results that the 
breaking A^^^ exhibits UV and IR dimensions bounded 
by d < I and r > 3. Nevertheless, being an effect of the 
radiative corrections, the insertion A*^^) possesses a factor 
at least, then its effective UV and IR dimensions are 
bounded by d < | and r >2, respectively. 

From the antighost equation: 

= 0 , (48) 

oc 

it follows that A^^^ can be written as 


A(i) = J Sx , 


(49) 


where /C^ is a rank -1 tensor with ghost number 0 , with 
UV and IR dimensions bounded by d < | and r > 1 (the 
ghost c is dimensionless), respectively. The breaking A*^^) 
can be split into two pieces, which are even and odd under 
parity, by writing K,^ as 

/C^ = rvV^ -I- , (50) 

in such a manner that is a vector and a pseudo¬ 
vector. 

Bearing in mind that /C^ has its UV and IR dimensions 
bounded by d < | and r > 1 , it can be concluded that 
there are no satisfying these dimensional constraints 
and the conditions (45) and (46), therefore, {V^} = 0, 
which means the absence of a parity-even Slavnov-Taylor 
breaking. However, still remains the odd sector repre¬ 
sented by , and it follows that by a dimensional analy¬ 
sis a candidate for Vfj,, which satisfies also the conditions 


(45) and (46), shows up: 

V^ = F^ = ^ . (51) 

It turns out that there is only one parity-odd candidate, 
^odd’ ’"^hich could be a parity anomaly, surviving all the 
constraints above: 

= ^idd = Y / e^puFP''d>^c , (52) 

however, integrating it by parts, leads that 

= Aidd ^ 0 . (53) 

Hence it follows that, there is no radiative corrections 
to the insertion describing the breaking of the Slavnov- 
Taylor identity, = 0, which means that there is 

no possible breaking to the Slavnov-Taylor identity, and 
neither parity is violated nor infrared anomaly stems by 
noninvariant counterterms that could be induced due to 
the Lowenstein-Zimmermann subtraction method, which 
breaks parity at the intermediary stages of the IR sub¬ 
tractions. 

In conclusion, the parity-preserving massive QED 3 ex¬ 
hibits vanishing gauge coupling /3-function (/3e = 0), van¬ 
ishing anomalous dimensions of all the fields ( 7 $ = 0 ), 
and besides that, is infrared and parity anomaly free at 
all orders in perturbation theory. In fact, the latter is 
a by-product of superrenormalizability and absence of 
parity-odd noninvariant couterterms that could be in¬ 
duced by the IR divergences subtractions which break 
parity - there is no Chern-Simons term radiatively in¬ 
duced at any order as some claims found out in the lit¬ 
erature. It shall be stressed that the algebraic renor¬ 
malization method does not involve any regularization 
scheme, nor any particular diagrammatic calculation, 
and is based on general theorems of perturbative quan¬ 
tum field theory. 

O.M.D.C. dedicates this work to his father (Oswaldo 
Del Cima, in memoriam), mother (Victoria M. Del Cima, 
in memoriam), daughter (Vittoria) and son (Enzo). He 
also thanks the referee for useful comments and sugges¬ 
tions. 
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